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The Ligand Field as a Pseudo-Potential*
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The introduction of a pseudo-potential in crystal field theory is shown to lead to an expression for
the orbital splittings which depend upon the squares of the group overlap integrals between the metal
and ligand orbitals. A formula is derived whereby the group overlap integral can be directly expressed
in terms of the diatomic sigma- and pi-integrals.
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1. Introduction

In this note we shall consider a transition from a pure crystal field treatment
of an inorganic ion or molecule towards a molecular view. The use of pseudo-
potentials has been shown [1] to lead to some simple and conceptually appealing
models in other contexts. Here we shall attempt to show that it leads to a deeper
understanding of the origin of the orbital separation in the ligand field theory.
In particular, it will be demonstrated that the dependence of the orbital splittings
upon the squares of the overlap integrals provides a supplement to, rather than a
replacement [2] of, the usual crystal field effects.

2. Theory

Consider a metal nucleus, M, surrounding by L ligands, which are transformed
into each other under the operations of some symmetry group, H, leaving M
unaffected. The irreducible representations of this group are I';,I,,...,T, g of
dimensions v,,v,, ..., v, respectively, and we assume that the unitary matrices
associated with these representations are defined by the transformation properties
of some orthonormal set of functions, viz.

fu) 1y, . ) . .9 q)
1 seers)vy seemaflsoers Sy o1 s rees Vg *

We shall then focus our attention on a fixed metal orbital, 2% and a normalized,
symmetry adapted linear combination

L
q)’(:i) = Z air”i‘ (1)
i=1

* Dedicated to Professor H. Hartmann on the occasion of his 60 birthday.
** Present address: Department of Physical Chemistry, Technical University of Denmark,
2800 Lyngby, Denmark.



170 C. J. Ballhausen and J. P. Dahl

of L equivalent ligand orbitals 1%, ..., 1%. The functions A¢ and ¢¢ are both
assumed to transform like /2, and the symmetry involved is understood to be so
high, that @ is uniquely defined.

Let us assume that a given electronic state of the complex consisting of M and
the L ligands may be characterized by some effective one-electron molecular
Hamiltonian, F, of the Hartree-Fock type. 1? and ¢! will then mix and produce
a bonding molecular orbital, ¢,, and an antibonding molecular orbital, @,.
Provided that the energy difference (1|F|%> — (oW |F|pW> is sufficiently large
and positive, one finds to a good approximation, that

L

Po= Y. @l @

i=1

] / 1 i L
(pa = 1 _ G2 (ld —_ Gj 'Zl air)-‘it) s (3)
J 1=

where G; is the group overlap integral

G,= < » ai,W> . @

and

i=1

Notice that the bonding orbital is unaffected by the complex formation, whereas
the anti-bonding orbital, ¢,, is Schmidt orthogonalized to ¢,.

We now take ¢, and ¢, to be reasonable approximations to the Hartree-Fock
orbitals for the complex. Hence

Fo,=¢,0,, )
F Pp=EpPp - (6)
Substituting (3) into (5) gives
L L
F (l‘i -G; . a,.,l;‘) =g, (A" -G; Y. ai,AQ-‘) , V)
i=1 i=

and using (2) and (6) yields further
Fo? 4 (e,— &) G; il apit =%, (8)
Equation (8) can be rewritten as
(F+Did=e", )
where U is a so-called pseudo-potential having the form

U=(e,—2) [dv2 Y 0 Pr20(2). (10)

The summation in (10) includes all combinations of the type (1), that may be
constructed from the orbitals A%, ..., A4, and P;, is an operator interchanging
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electrons 1 and 2, such that
Up()=(ea—2) 1< 10>0¥ (1). (11)

The definition of U runs parallel to that of the exchange operators appearing in
Hartree-Fock theory.

That Egs. (8) and (9) are, in fact, equivalent is easily established, when it is
noticed that all integrals (o |A*> vanish due to symmetry, with the exception of
<P | A% which is, in turn, equal to G;.

The operator U is a totally symmetric operator, and it plays a similar role to
that of the crystal field potential, ¥, encountered in the usual crystal field theory
[3]. When ligand-ligand overlap is neglected we get the still simpler expression

U =(ea—es)  dva ), HQ* P12 4 (Q2), (12)

due to the fact that the coefficients in (1) are the elements of a unitary matrix.

Let us now consider the application of Eq. (8) to an octahedral complex,
possessing O, symmetry. The d-orbitals span a t,, and an e, representation, in
the following denoted just t and e for the sake of simplicity. We get then, assuming
that for both sets of orbitals we can set (g, — &,) ~ &5y, that

ea(€) = CA°|F12°) + €3] G, )2 (13)
and )
£,(0) = CF|F1% + 3. |G 2, (14)

with A¢ and A* being specific metal orbitals associated with the representations
e and t, respectively. Hence

2a(€) — &,(t) = CA°|V 1A%y — KXV IAD + efynl|Gel* — |GA)?) - (15)

Note that for G,= G,=0, corresponding to the pure crystal-field model, we
get the orbital energy difference which in that theory is called 10 Dq. The inclusion
of a more realistic bonding scheme makes the orbital energy difference &,(e) —¢,(t,)
also dependent upon the squares of the group overlap integrals. Since (see next
section) G2=35%(0,d,) and G}=4S*(rn,d,) where S(s,d,) and S(r,d,) are the
usual diatomic sigma- and pi-overlap integrals [4], we get

8a(€) — &,(t2) = A V12D — KXV I25) + 631,387 (0, d,) — 48*(m, dp)) . (16)

The last parenthesis, like the crystal field term, is likely to be positive for an octa-
hedral complex, since a diatomic sigma overlap is usually larger than a diatomic
pi-overlap. The orbital energy difference must, however, not be identified [5]
with the crystal field parameter 10 Dgq.

We have thus, at the present level of approximation, two co-operating po-
tentials, V' and U. We notice, however, that even though the pure crystal field
theory breaks down, the formalism is unaltered. A semi-empirical theory can
therefore do no better than to treat the orbital energy differences as adjustable
parameters. Quantitative calculations based on U alone need certainly not be
better than calculations in the pure crystal field theory, and attempts to make
them seem so [6] must therefore be viewed with caution.
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3. Evaluation of Group Overlap Integrals

The relationship between a group overlap integral G; and a diatomic overlap
S(l, n) is given by [4, 7]

Gr=vrS(, 1)

where vy, is a pure number. Consider now the various irreducible representations,
I, spanned by the metal orbitals, s(I}), p(I'y), d(I;+) etc. Each of these sets of
irreducible representations we shall call a metal set. Similarly, the L ¢-orbitals
will span a sigma ligand set, g(I';), the 2L m-orbitals will span a pi ligand set,
n(I';), etc. Let us by % understand the number of representations which a given
metal set and a given ligand set have in common. With v, being the dimension of
the representation I', we shall show the following relation for determining y:

Z(ryp)=N, (18)

where N is the number of orbitals in the ligand set, and the summation includes
those x representations, which are shared between the metal and the ligand set.

For instance, in an octahedral molecule, the sigma ligand set and the d-orbitals,
have one common representation, viz. e,. Hence » =1 and 2y? =6; y, = ]/_ 3. The
n-ligand set and the d set also have x = 1(t29) Here 3y? =12 or y,=2.

In order to prove (18) let R,(r)Y,"(6, ) be a metal orbital centered in the
xyz-coordinate system and let A% (i=1,2 ... L) be the ligand orbitals, centered at
i (Fig. 1). All of the ligand functions transform into each other under suitable
rotations of the xyz system, and A# has in the x'y’z’ system a ¢’ dependence given
by ¢#¢'. Without any constraints we can expand A in the x'y’z’ coordinate system

8] w
K= T BOWO.9). (19)

The Eulerian angles which take (x/, y/, z') into (x, y, z) are called («;, B;, y;). Trans-
forming (19) into the (x, y, z) system leads to

M= Z By () Z Y7 (6, @)DV (0 BV ) (20)

I'=0 m'=—1

Fig. 1. The Co-ordinate Systems
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where DYY(a;B,7,) is a unitary rotation matrix. The overlap integral between
R,(r Y™(0, ) and A¥ is then

o0 v
ROWO. A= T ROBAD T IS Desfir,

= CROIBA) DB el

The overlap can therefore be written as a product of a quantity {R(#)|B,(r)>
depending only upon the shells to which the orbitals belong and a quantity
DW(a;B,y;) depending only upon the position and orientation of the ligand or-
bitals.

We now define a standard overlap S* as the overlap between R(r)Y*(6, ¢)
and a ligand orbital located on the positive z-axis, such that x'=x, ¥ =y and
z'=z. Hence

$*= ROY0. )] i B (D YE6, 9} = CR(VB,)) - @)

Using (21} and (22) yields:
SR YO, @)\ 2> = S* DO ;7 )y » (23)
where S¥=S7, 8", S ...
Utilizing that D®(a;, f;,7;) is 2 unitary matrix gives
1 1
Y. [KROYTO, o)l > =18*1> Y. DB y)ml* =151, (24)

m=—1] m=—1

and an additional summation over i yields
L
i=1 m

We proceed by replacing the orbitals 14, 1%, ... A% with a set of L linear combina-
tions:

i

. KR Y0, @) D17 = LISH. (25)

L
P;= Z /Iﬁ-‘aﬁ, (i=1,2,...,L) (26)
j=1

where a is a unitary matrix. Then

L L L L
Zl IKRY™opP =7 Y (RY"ZD*RY™M>- Y atay
= i=1

j=1 k=1
L 27
= 21 KRY" 12,
or by comparing (27) with (25)
L 1
Y, ¥ KRYlpoP=Lis. @8)

i=1 m=-—
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We now suppose that the orbitals A (i=1, 2, ..., L) span a representation of
the molecular point group H. These symmetry orbitals ¢ are then of the type
(26), and according to (27) and (28) we can write

1
XY Y KROY™O, 9)loP> > =LISE wl*, (29)
j r m=-1
where we have given §* one index more; §#=-S(l, 1), | indicating whether we have
a s, p,d... set; u differentiating between o, 7, 6, ....
The metal orbitals may likewise be characterized according to their irreducible
representations. This leads to the orbitals wY”, and hence (29) is transformed to

D PHIC UL AR AN (30)

where the sum over j takes care of the I'? components contained in the 21+ 1
metal orbitals. We have further

W19P> =578, G1)

with G; being the previously defined group overlap integral. Taking the I re-
presentation to be v, times degenerate, Eq. (30) together with (31) yields

(eGP =LIS(, Wi, (32)

where the summation extends over the irreducible representations common to
the metal- and ligand orbitals. Inserting Gr=7y,S(l, ) in (32) concludes the
proof of (18).
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